Abstract. In this paper we introduce a new elliptic complex on an odddimensional manifold with a self-dual line field. The notion of a self-dual line field is a generalization of the notion of a conformal line field. Ellipticity, Fredholm properties and Hodge decompositions of these new complexes are proved both in the case of a closed manifold and in the case of a manifold with boundary. The cohomology groups of these elliptic complexes are computed in some cases. In addition, in this paper, we generalize the notion of an antiself-dual connection on a smooth 4-manifold to a 3-manifold with a line field and a smooth 5-manifold with a line field. The above new elliptic complexes can be twisted by anti-self-dual connections in dimensions 3 and 5, but only by flat connections in dimensions above 5. This reveals a special feature of dimensions 3 and 5.
Introduction
In this paper, we study odd-dimensional manifolds with smooth tangent line fields. The main point of this paper is that there is a new elliptic complex on an odd-dimensional manifold with a self-dual line field. The notion of a self-dual line field is a generalization of the notion of a conformal line field. In paper [7] , we have developed the corresponding index theory on a compact smooth odd-dimensional manifold with boundary and with a general line field which is transverse to the boundary. But when the line field is self-dual, this index theory can be refined as the cohomology theory of the new elliptic complex, which we shall study in this paper. Moreover many of the topological inequalities for a general line field found in [7] become equalities when the line field is self-dual. The new elliptic complexes are called half De Rham complexes; their cohomology groups are called self-duality cohomology groups.
In the orientable case, a line field is generated by a nowhere zero vector field. We are interested in studying the interactions of gauge fields, flows, and the topology of the underlying manifold. For further progress in this direction, see [7] , [8] , [9] .
In most of the constructions in this paper, we need a tangent codimension-one plane field L which is transverse to the line field. But we should like to emphasize that in all sections of this paper except in Section 8, we do not assume that L is integrable: it can be any smooth tangent codimension-one plane field which is transverse to the line field. When the manifold is equipped with a Riemannian metric, we just simply take the orthogonal complement of the line field as L, and the main body of our results are valid in this setting. Section 8 concerns some technical computations of the middle-dimensional self-duality cohomology groups in special cases. These results in special cases are used in our paper [7] to determine the dimensions of the self-duality cohomology groups in the most general case, which of course includes the case that L is non-integrable.
Another point of this paper is that we generalize the notion of an anti-self-dual connection on a smooth 4-manifold to a smooth 5-manifold with a line field and a 3-manifold with a line field. The half De Rham complexes are well-defined for twistings of anti-self-dual connections in dimensions 5 and 3, but only for twistings of flat connections in dimensions above 5. This simple fact maybe is a glimpse of rich structures and interactions in dimensions 5 and 3.
This paper is organized as follows. In the first two sections, we present the constructions of real and complex half De Rham complexes on an odd-dimensional manifold with a line field. In Section 3, we give the proofs that the half De Rham complexes are well-defined and elliptic. In Section 4, we study the self-duality cohomology groups on a closed oriented odd-dimensional manifold. Applying the Atiyah-Singer index theorem, we obtain universal relations for the dimensions of self-duality cohomology groups. In Section 5, we study half De Rham complexes on a compact oriented manifold with boundary in the case the line field is transverse to the boundary. We put boundary conditions on the complexes, which are essentially combinations of Neumann and Dirichlet boundary conditions. These boundary conditions are locally elliptic, a fact which is proved in Section 9. Therefore the half De Rham complexes with these boundary conditions have all the standard elliptic and Fredholm properties. In Section 6, we discuss the notion of a self-dual line field. The half De Rham complexes are well-defined on any odd-dimensional manifold with a self-dual line field. In dimensions 3 and 5, this notion is equivalent to the notion of a conformal line field. But in odd-dimensions above 5, it seems rather weaker than the notion of a conformal line field. In Section 7, we compute the (m − 1)-th self-duality cohomology groups in a general case, and also get an inequality about the dimensions of the (m + 1)-th self-duality cohomology groups in a general case. In Section 8, we compute the (m + 1)-th and the m-th self-duality cohomology groups in some special cases. As a by-product of the arguments, we obtain the following theorem, valid in all dimensions: If a connected, compact oriented smooth cobordism admits a codimension-one geodesible foliation, which is defined by a nowhere zero closed 1-form, then the cobordism must be a rationalhomology-h-cobordism. (See Theorem 8.9.) Section 9 contains all the postponed computational proofs.
⊥ , where the ⊥ is with respect to the pairing of a vector and covector at the same point. An element of H is called a flow vector, and an element of ∧ j L * is called a level j-covector. A section of ∧ j L * is called a real level j-form. In this section we let Ω j l (M ) denote the space of all smooth real level j-forms on M , and let Ω j (M ) denote the space of all smooth real j-forms on M . All differential forms, connections, sections of bundles, line fields and plane fields are assumed to be smooth and all metrics are assumed to smooth positive-definite in this paper.
For any form ω and any vector X ∈ H, i X ω is always a level form, where i X denotes the interior contraction. This is because i X ω, Y = ω, X ∧ Y = 0 for X, Y ∈ H since dimH = 1. For any vector X ∈ H, we define the operator
which sends forms to level forms of the same degree. Recall that the Lie derivative L X = i X d + di X . Therefore, we have X α = L X α for level forms α and X ∈ H. In particular, L fX α = fL X α for any level form α. Let E be a real or complex vector bundle over M . In this section, we let Ω j l (E) denote the space of sections of ∧ j L * ⊗ R E, and let Ω j (E) denote the space of E-valued real j-forms on M . Let A be a connection on E. Define
The curvature F A of A is a Hom R (E, E)-valued or Hom C (E, E)-valued real 2-form. For a vector X ∈ H, we define
Note that F AX is a Hom R (E, E)-valued or Hom C (E, E)-valued level real 1-form. Suppose L * is given an orientation o l and a fiberwise metric g l . Then we have the level-star operator * l : ∧ j L * → ∧ n−1−p L * , which is defined by the identity α ∧ * l β = α, β g l vol(g l ) for all α, β ∈ ∧ j L * . An orientation and a metric of L * are called a level-orientation and a level-metric respectively. Now let us assume dimM = 2m + 1, where m is a positive integer. To measure non-commutativity of X and * l , we define the level-star-torsion operator T X by
It is easy to see that T X is a zero-th order linear operator. Thus it is well-defined on ∧ j L * . The action of T X on E-valued level forms is defined by
for e ∈ E and α ∈ ∧ j L * . Since m = to the first and the second factor in (1.1) respectively. For any α ∈ ∧ m L * , we have
The decomposition (1.1) induces
where Ω 
For further constructions, we need a tangent codimension-one plane field L which is transverse to the H. But we emphasize that in all sections except Section 8 in this paper, we do not need to assume L is integrable: it can be any tangent smooth codimension-one plane field L. We now make the following convention throughout this paper. 
Here ⊥ is with respect to the pairing of a vector and covector, and ⊥ g is with respect to the metric g. The sets of data (
For the sake of brevity, a leaf of the foliation generated by a tangent line field H is called a leaf of H.
where H * is the space of sections of H * over M . Let π h denote the projection to the first factor, and let π l denote the projection to the second factor. For a form ω on M , we define
which are called flow component and level component of ω respectively. Note π h f = 0 and π l f = f for any function f on M . We have a basic decomposition of the exterior derivative d on M :
The decomposition (1.3) tensored with a vector bundle E becomes:
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Then we also have a unique decomposition of the covariant derivative d A of a connection A on E:
If τ is a section of H * such that τ, X = 1 on an open subset U , then we have
Using the decomposition (1.2), we define
, Now we define the most important spaces and operators in this paper: 
. Note the notational difference between the terms π + and π
Now we are ready to state our first main theorem. (E)) for any X ∈ H. Then for any smooth tangent codimension-one plane field L which is transverse to the H and any nonzero real or complex number s, the following complex is well-defined and elliptic on M :
This complex is called a twisted half De Rham complex associated to the data (H, o l , c l ) and flat connection A. Theorem 1.3 will be proved in Section 3. The assumption on T X will be studied in Section 6. When o l switches to its opposite −o l , we have another elliptic complex by changing ++ to −− and + to −. Remark 1.4. We can put a Riemannian metric on M and apply the Hodge star operator to the above complex, and get an elliptic complex which starts from the space of forms of the maximal degree 2m + 1 to the corresponding space of forms of degree m − 1: the directions of the arrows are reversed. Therefore all the constructions and results in this paper for forms of degrees in the lower half range {0, · · · , m + 1} can be transformed isomorphically by the Hodge star operator to forms of degrees in the upper half range { 2m + 1, · · · , m − 1 }.
The dimension 5 is special: twisted half De Rham complexes are well-defined and elliptic for twistings of a larger class of connections than the class of flat connections. 
Here E is either a real or a complex vector bundle; correspondingly,
which is equivalent to
for one (hence for all) tangent codimension-one plane field L which is transverse to H.
Then for any smooth tangent codimension-one plane field L which is transverse to H and any nonzero real or complex number s, the following complex is well-defined and elliptic on M :
The proof will be given in Section 3. The point is that (1.11) implies d In all the above notations as well as in Theorems 1.3 and 1.6, when o l switches to its opposite −o l , we change the + signs to the − signs, the ++ signs to the −− signs, and "anti-self-dual" to "self-dual". When d A = d, we change the term E to M . This convention applies to notations in the next section too.
Complex half De Rham complexes
In this section we suppose that m is an odd positive integer. Then *
where vol(g l ) is the oriented volume form of g l andβ is the complex conjugate of β with respect to the complex structure J. Since * l extends complex-linearly, we still have *
where ∧ 
Then we have all the corresponding constructions as those in the last section. To avoid too many notations, we still use the terms π
, which have the corresponding meanings in this complex context.
The complex structure of a complex vector bundle E induces a canonical complex structure on
In order to state results in this paper in a uniform manner for all positive integers m, despite of the parity of m, we need to make another notational convention. 
for one (hence for all) tangent codimension-one plane field L which is transverse to
according to Proposition 3.4. 
Then for any smooth tangent codimension-one plane field L which is transverse to H and for any nonzero complex number s, the following complex is well-defined and elliptic on M :
The proof will be given in the next section.
Proof of well-definedness and ellipticity
In this section, we present the proofs that the complexes in Theorems 1.3, 1.6, 2.2 and 2.4 are well-defined and elliptic. First of all, we need some basic formulas. In the following three lemmas, A is a connection on a vector bundle E over M , ω is an E-valued j-form, α is an E-valued level j-form, β is an E-valued level (j − 1)-form, γ is a level form, f is a function, and e is a section of E. 
Note that X τ is a function on U , and the term dτ ∧ β is algebraically linear in β.
In showing that the half De Rham complexes are well-defined, we present the main calculation as follows. 
Remark 3.5. In the case m = 1, π
Proof of Proposition 3.4. Since d +s
for all s, we only need to prove (3.1) in the case s = 1. Recall that F A = τ ∧ F AX + F A l . Using the decomposition (1.7), formula (1) of Lemma 3.3 and formula (2) of Lemma 3.2, we have d
Note that in the above computations, we have used π
, which follows from the definition of π + , and used π 
we need only to prove the injectivity. Expand ρ to an oriented orthogonal real basis of the same length for T :
. Let J be an ordered subset of {1, . . . , 2m}, |J| the length of J, and let ρ J be the ordered wedge product of ρ j for j ∈ J. ρ 1 ∧ ∧ m−1 T has a basis {ρ 1J : 1 ∈ J and |J| = m − 1}. In the case m is even, ∧ m ± T has a basis {ρ 1J ± * l ρ 1J : 
where σ, σ
respectively. Since the principal symbol sequence of the complex twisted by a connection A is just (3.2) tensored with E, we need only to give the proof in the case d A = d. Further, because the sequence (3.2) before the last three stages is the same as the symbol sequence of the usual De Rham complex, and because l s , h s are automorphisms, we need only to prove the exactness at the last three stages of (3.2) for s = 1. Note that
Step 1. To prove Kerσ 
, which is in the image of σ.
Step 2. To prove Kerσ
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The injectivity in Lemma 3.6 implies ρ∧α = 0. Thus α = ρ∧α for some level (m−2)-covector α . By surjectivity in Lemma 3.6, we have γ = π
Step 3. To prove σ + is surjective.
is in the image of σ + . Case 3.2. k = 0 and ρ = 0. Then by the surjectivity in Lemma 3.6, any
) is in the image of σ + .
On closed odd-dimensional manifolds
In this section, we study half De Rham complexes on closed manifolds. Firstly let us make a definition. 
Let E be equipped with a Riemannian or Hermitian metric. In the following formulas, when the metric on E is Riemannian, we regard the conjugation operation as the identity map. Define (α ⊗ e) ∧ (β ⊗f ) = α ∧ β(e, f ) for forms α, β on M and sections e, f of E. Then ω, η vol(g) = ω ∧ * η for all E-valued forms ω and η.
where ω is an E-valued (j − 1)-form compactly supported in the interior of M , η is an E-valued j-form, and (ω, η) 
wheres denotes the complex conjugate of s.
If the metric on
for sections e, f of E and E-valued forms ω, η. These identities together with (4.1) give
The oriented volume form vol(g) of g and the level-oriented volume form
where τ is a nonvanishing section of H * defining the o h , and |τ| is the length of τ with respect to the g h . Let * denote the star operator of the metric g on M . It is easy to check the following formulas. 
Recall that a complex connection A on a complex bundle E induces a covariant derivative d A on the conjugate bundleĒ defined by 
and 2.4 is well-defined, then we have
which all are finite dimensional, and further
and
Under the conditions of this theorem, H 
The significance of these identities is that the left sides a priori depend on the data (H, o l , o, g ), while the right sides are independent of these data.
On compact odd-dimensional manifolds with boundary
In this section, let M be a smooth compact (2m + 1)-manifold with boundary and with the data (H, o l , g l , L) as in Convention 1.1. For the sake of brevity of statements, we denote complexes in Theorem 1.3, 1.6, 2.2 and 2.4 as:
= π l ω denote the flow component and level component of a form ω respectively. Let K be the union of some components of boundary ∂M . K may be empty. The b-boundary condition on ω in U j is defined as: 
Explicitly, it is written as H Theb-boundary condition on ω in U j is defined as: 
Now we state a main theorem in this paper. is finite dimensional. This lemma can be easily proved by Green's formula
The proof of this
for ω ∈ U j , η ∈ U j and −1 ≤ j ≤ m + 1. For this we just use the standard Green's formula:
, where i denotes the inclusion map of ∂M into M and H ⊥ g ∂M . Note * η h is always a level form according to Lemma 4.3, and thus is a tangential form, since H ⊥ g ∂M .
In order to define finite dimensional self-dual cohomology groups of a half De Rham complex on a compact manifold with boundary, we need a suitable boundary condition. Theḃ-boundary condition on ω in U j is defined as:
The above lemma follows easily from the following formulas.
and (ω, α, β) be the same as in Lemma 3.3. Suppose N is a one-to-one immersed codimension-one submanifold in U and N is tangent to the L.
Proof. Let k denote the inclusion map from N into U . Since N is tangent to L, we have
According to Lemma 5.5, theḃ-boundary condition is well-defined on the complex (5.1), in the case when L is tangent to ∂M , i.e., H ⊥ g ∂M . Now we make 
) .
Now we can state the following Hodge decomposition theorem, using the notations defined in this section. 
The proof of this theorem is given in Section 9. Under the conditions of this theorem, H 
Conformal line fields and self-dual line fields
In this section we study the assumptions on the T X in Theorems 1. 
Suppose H is integrable. This is always true if dimH = 1. Let X be a section of H over M . Then X is a vector field and generates a 1-parameter group of local diffeomorphisms φ t of M . Since H is integrable, φ t * preserves H and, dually,
The holonomytranslation induced by H is the action on elements in L * by the differentials of φ t . There is also another equivalent way to define holonomy-translations. (For example, see [5] , pp. 81-82; [11] , pp. 24-25.)
A smooth foliation is called Riemannian if there is a smooth holonomy invariant Riemannian metric g l on the quotient bundle. Here 'holonomy invariant' means g l is invariant under the holonomy-translation along paths in the leaves of the foliation, i.e., L X g l = 0 for any vector field X tangent to the foliation. An integrable smooth plane field H is called Riemannian if its integral foliation is Riemannian.
Proposition 6.1. Suppose an integrable smooth plane field H is Riemannian with a smooth holonomy invariant metric
g l on the dual L * def = H ⊥ . Then (1) g l (φ * t α, φ * t β) = g l (α, β
) for any vector field X in H and any α and β in the fiber
Proof. The above statement (1) just means g l is holonomy invariant. We need only to check the statement (2) .
A smooth foliation is called conformal if it can be described by a family of distinguished charts {U λ , f λ , γ {U λ } is an open cover of M ;Ū λ is an smooth q-manifold which is diffeomorphic to R q ; g λ is a smooth Riemannian metric onŪ λ ; f λ is a smooth submersion from U λ toŪ λ ; φ λν is a smooth function on U λ ∩ U ν for any pair (λ, ν) such that U λ ∩ U ν is nonempty, and all these {φ λν } together satisfy
for any x ∈ M ; (6.3) and ψ λ : U λ → R is a smooth function defined as
Note the above ψ λ is well-defined, since if x ∈ U λ and x ∈ U w then ρ w (x) = 0, and if x ∈ U λ ∩ U w then ρ w (x)φ wλ (x) is already well-defined. Also note that ρ λ is not assumed to be positive. ( 
Now we want to define a notion which, in general, is weaker than the notion of a conformal foliation but suffices to guaranttee the condition of T X in Theorems 1.3, 1.6, 2.2 and 2.4. First we have the following lemma. ( 
Thus T X = 0 on ∧ − just means that L X ω ∈ ∧ − whenever ω ∈ ∧ − . Similarly, T X = 0 on ∧ + just means that L X ω ∈ ∧ + whenever ω ∈ ∧ + . Therefore we have proved the statement (2) is equivalent to the statement (3). Definition 6.6. An integrable tangent plane field H of codimension 2m is called self-dual if there is a smooth metric g l and an orientation o l on the dual . Let U λ be a union of small segments of leaves of H which are transverse toŪ λ . We can choose sufficiently manyŪ λ 's so that all these U λ 's together cover M . The submersion f λ is defined by the holonomy translation of a point in U λ to a point inŪ λ induced by H. Each γ x λν fromŪ ν toŪ λ is induced by the holonomy translation. Since g l is compatible, each γ x λν obtained in this way preserves the middle-dimensional star operator, and hence must be a conformal mapping, because codimH = 2 or 4. This is obvious if codimH = 2; for the case codimH = 4, see ([6] , p. 8).
Computations of (m − 1)-th and (m + 1)-th self-duality cohomology groups
In this section, we compute the (m−1)-th and (m+1)-th self-duality cohomology groups in a general case. First we need some simple lemmas. Let N be a smooth 2m-manifold. When we say that a smooth map k : N → M is transverse to H at x ∈ N , we mean H y + k * T x N = T y M , where y = k(x) and H y denotes the fiber of H at y. 
Lemma 7.1. Let H be a tangent line field on a smooth (2m + 1)-manifold M , and let N be a smooth 2m-manifold with a smooth map
y respectively. Since k * is an orientation-preserving isometry, we have (1) The point x ∈ k(N ). This is argued as follows. In the case m is even, since A is flat and d A h ω = 0 on M and d
Lemma 7.2. Let (M, H, N, k) be the same as in Lemma 7.1. If k is transverse to
H at x ∈ N , then k * vol(g l ) = vol(g N ) and * N k * α = k * * l α for any α ∈ ∧ j L * y .
Proof. Recall that d
Here d N denotes the exterior derivative on N . By Lemma 7.2,
In the case m is odd, we have (|d
follows from the same argument as above. (2) If d A l ω = 0 at a point x, then it is 0 along the leaf of H through x. This is because 0 = d 
ω, where is one of ±1 and ±i, we can apply the unique extension theorem in [2] to get d A l ω = 0 on the whole M . In the case H * is non-orientable, the nowhere zero section τ of H * exists locally and we can take an open cover of M and apply the above argument piece by piece. 
Corollary 7.4. Let (M, H, o l , g l , L, N) be as in Theorem 7.3. In the case M is a closed smooth (2m + 1)-manifold, we have H
m−1 + (M ) def = Kerd ++ Imd ∼ = H m−1 (M ).
If in addition M is oriented Riemannian, then we have
There are two ways to propagate this vanishing on N to the whole manifold M .
(1) Since (i X ω)(x) = 0 at x ∈ N, i X ω is 0 along the leaf of H through x in M . This is because (7.2) is a first order linear ordinary differential equation. For this we just recall from Lemma 3.2 that AX * l − * l AX = 2 T X is a zero-th order operator. Thus (7.2) has the leading term AX (i X ω). Let M be a smooth oriented (2m + 1)-manifold with the data (H, o l , g l ), and A a smooth connection on a vector bundle E over M . In this section, for the sake of brevity, we let 
Similarly, for any α 0 ∈ ∧
It is easy to show T σ and T S σ depend only on the equivalent class of σ modulo homotopies with the end points fixed. Thus they can be denoted as T [σ] and T
respectively, where [σ] denotes the homotopy class of σ.
Now we need to define another notion. Let N be a smoothly imbedded codimension-one submanifold of M which is transverse to H. Let P(J) be the pseudogroup of paths σ : [0, 1] → J modulo the equivalence of homotopies with the end points fixed. Let Γ(H) be the union of P (J) for all J in the leaves of H. Define
It is called the holonomy pseudogroup Γ(H, N ) of N induced by H.
According to Lemmas 7.1 and 7.2, N has a unique smooth metric g N and an orientation o N to make k * : L * | N → T * N as an orientation-preserving bundle isometry, where k denotes the inclusion map from N into M . In particular,
and Γ(H, N ) understood, we make the following definition. 
Also define * again. Recall (7.1) and (7.2). Since
This together with (7.1) gives
Hence either in the case (1) or in the case (2), we have a well-definded group homomorphism
The condition of the case (1) that H ⊥ g N at points in N can always be achieved by means of the deformation of the metric g on M . In fact, let g N be any smooth positive definite metric on N , and let g h be any smooth fiberwise metric on H over M . Then the fiberwise metric 
we have a well-definded injective group homomorphism r N defined by (7.6) , and If T X = 0 on level self-dual m-forms on M , then (7.5) holds on M . But note that the equation (7.5) and the space Ω m + (E) are independent of the data L. Thus we have Proposition 7.12. Let (M, H, o l , o, g, A) be the same as Theorem 7.6 
* is independent of L and s. 
Proof of Theorem 8.1. We give the proof in the case m is even. (The proof for odd m is completely similar.) Since r N is injective according to Theorem 7.6, we need only to prove it is surjective. Since the H-flow-closure of N is M , we can take any ω 
where B is a flat connection on F if m ≥ 3; B is an anti-self-dual connection on F if m = 2, which means * N F B = −F B ; and B is an arbitrary connection on F if m = 1. 
Here dim means the complex dimension when m is odd, and means the real dimension when m is even. When d B = d on N , we replace the term B by N and omit the term F . When the orientation of N changes to its opposite, we change the + signs to − signs, and "anti-self-dual" to "self-dual" in all the corresponding notations.
In the case m is odd, we have 
Let A 1 be a smooth connection on a vector bundle F over N = N × {1}. Let A be the pullback of 
then the above restriction mapping is an isomorphism, and
where α is an E-valued level j-form on U and β is an E-valued
The second step is to apply the above formulas to get the following identities. Note that the first two formulas apply to the case of n = 2m + 1, and the third one applies to the case of any n. Proof. Assume κ = 1. If κ = 1, replace ν by ν κ . We apply (8.8) to prove the first formula. The other formulas can be proved in the same way. We have
In the above ! =, the cancellation 
(2) If ρ = 0, then
It Proof. We use the formula (3.3) to do the following computations. Let τ = kτ. If ρ = 0, then we can apply (2) of Proposition 9.1 to compute. 
